EXISTENCE AND NONEXISTENCE OF POSITIVE SOLUTIONS 
OF INDEFINITE ELLIPTIC PROBLEMS IN R N 



MATTHIAS SCHNEIDER 



Abstract. Our purpose is to find positive solutions u G D 1,2 (R JV ) of the semilinear 
elliptic problem -Am — XV(x)u = h(x)u p ~ 1 for 2 < p. The functions V and h may have 
an indefinite sign and the linearized operator need not to have a first (principal) eigenvalue, 
e.g. we allow V = 1. We give precise existence and nonexistence criteria, which depend on 
A and on the growth of h~ and h + /V + . Existence theorems are obtained by constrained 
minimization. The mountain pass theorem leads to a second solution. 



1. Introduction 
We are interested in finding positive solutions of 

-Au(x) - XV(x)u(x) + h{x)u{x) p ~ l = in R N , 

o<ue D 1,2 (R N ) n l 2 (r n , \v\) n l p (r n , \h\), 



(1.1); 



where A > is a real nonnegative parameter. The functions h and V may change sign. We 
denote by D 1 ' 2 (R N ) the closure of C£°(R N ) with respect to the norm (J* \Vu\ 2 )2 in L 2 *, 
where we set 2* := 2N/{N — 2). Moreover, for a given measurable nonnegative function k 
and O C 1 N we will denote by L«(Q, k) the space of measurable functions u satisfying 

W u \\ P Lp(n,k) := / Hx)H P < oo, 



n 



where functions, which are equal k(x)dx-&lmost everywhere, are identified as usual. For 
any function / : R N — ► R we abbreviate its positive part, max(0, /), by / + and its negative 
part, (/ + — /), by /~. Our basic requirements are 

N > 3, p > 2 and h, V G C{R N ) : V + £ ^ h + , (1.2) 

D^ 2 (R N ) is compactly embedded in L P (R N , h~), (1.3) 

D 1 ' 2 (R N ) n L P (R N , h + ) is compactly embedded in L 2 (R N , V + ). (1.4) 



We first state some sufficient conditions for the validity of ( |1.3| ) and ( |1.4| ). Obviously (|TT 
holds whenever /i~ = 0. Moreover, ( |1.3| ) is valid under each of the following two assumptions 
(see [24, Cor. 2.2], for a necessary and sufficient condition see [p4|, Th. 2.1]) 



p < 2* and G L^(R JV ), (1.5) 
p < 2*, /T G L 00 ^) and limsup/i"(2;)|2;| i ^ p - Ar = 0. (1.6) 
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Condition ( [P| ) holds under each of the following two assumptions (see [24, Th. 2.3]) 



3R > : h(x) > V|x| > R and / V + ( ^—Y % < oo, (1.7) 

jr^VBjjCo) V " / 

V + e L N / 2 (R N ). (1.8) 

Note that Ql.Sj ) is sufficient for Z' 1 ' 2 (]R Ar ) to be compactly embedded in L 2 (M Ar , F + ), hence 
( |1.4j ) is satisfied for any h + under the assumption fll.8| ). 

Existence results. Equation (1.1)a with V = 1 was investigated on bounded domains f2 
with various boundary conditions using bifurcation theory and the method of sub- super- 
solutions. We mention the work of Amann and Lopez-Gomez ||, Lopez-Gomez [19, p0| ], 
Ouyang |[21|| . They used an abstract result of Crandall and Rabinowitz [13| and showed 
that (Ai(fi),0) is a bifurcation point for positive solutions of (1.1)a, where Ai(fi) is the 
first eigenvalue of the Laplacian in Q, with corresponding boundary conditions, i.e. there 
is an open neighborhood U of (Ai,0) such that every nontrivial solution pair (A, it) in U is 
described by a continuous curve (X(s),u(s)) emanating from (Ai(O),0). It was shown that 
the solution curve is increasing in A near A = Ai(O) (supercritical) if and only if 

h{x)e 1 {VLf > 0, (1.9) 

n 

where ei(f2) denotes the positive eigenfunction belonging to the first eigenvalue Ai(f2). 
Ouyang pi] ] showed for compact Riemannian manifolds that ( ]1.9| ) is also necessary for 
the existence of positive solutions to (1.1)a f° r A > Ai(Q). The interesting point in this 
situation is that the problem becomes affected by the positive part of h, h + := max(0, h), 
which pushes up the spectrum of the linearized problem and possibly creates a "ground 
state" solution. 

Alama and Tarantello Q |2) and Berestycki, Capuzzo Dolcetta and Nirenberg |], 0] studied 
(1.1)a with V = 1 on bounded domains £1. They used variational methods like constrained 
minimization and a variational formulation of Perron's sub- super-solution method. Apart 
form various existence results, (|l.9j ) was derived as a necessary and sufficient conditions 
for the existence of positive solutions to (1.1) a f° r A > Ai(O) with Neumann and Dirichlet 
boundary conditions. 

To deal with unbounded domains and general functions V we have to adjust the value 
Ai(f2). To this end we define for measurable f2 C M w and V 

£> 1,2 («) := {u G D 1 ' 2 {R N ) | u = a.e. on R N \tt}, 

\x(n, V) := inf{||V«||| | u G D 1,2 (0) n L 2 (R N , \V\), J V(x)\u\ 2 = 1}. (1.10) 

Note that for bounded domains f2 and V = 1 the value Xi(fl,V) coincides with Ai(f2), 
the usual first eigenvalue of the Dirichlet Laplacian in 0. If Xi(fl,V) is attained, we will 
call Ai(fi, V) a principal eigenvalue and a corresponding nonnegative minimizer a principal 
eigenfunction, denoted by ei(Q, V), which satisfies due to its variational characterization 

J Ve x (0, V)Vip = Ai(n, V) j V(x)ex(Q, V)^ V<? G D 1,2 (U) n L 2 (R N , \V\). 

Harnack's inequality (2^, C.l] shows that if $7 is a domain and V is regular enough, e.g. 
(|1.2j), then the principal eigenvalue Ai(f2, V), if it exists, is simple and the corresponding 
eigenfunction ei(fl,V) is positive inside 0. If V + G L N ' 2 (p) then X\{Q.,V) is attained, 
since D 1,2 (Q,) is compactly embedded in L 2 (f2, V + ) in this case (see pi, Cor. 2.4]). 
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Positive solutions of (1.1) \ have up to now only been obtained under the assumption that 
the weight V + decreases fast enough at infinity to ensure that AiQR^V) is a principal 
eigenvalue with positive eigenfunction ei(IR Ar , V) (see 14, 26]). Cingolani and Gamez JTTfl 
proved under the assumptions V G L N / 2 (R N )nL°°(R N ), 2 < p < 2* and h G L 2 */(2*-p)(m w ) 

(1.1) A is solvable in a right neighborhood of Xi(R N , V) if J h(x)e 1 (R N , F) p > 0. (1.11) 

Costa and Tehrani p| showed that (PH) remains valid under the assumptions 

2 < p < 2*, V G L N / 2 (R N ) n L ^) for some a > N/2 and lim h(x) = h OQ >Q. 

\x\— >oo 

Our purpose is to give existence and nonexistence criteria for positive solutions of (1.1)a 
in cases where the linearized operator need not to have a first (principal) eigenvalue, e.g. 
for V = 1 and £1 = R N . We emphasize that our approach yields new results even when 
V + G L N / 2 (R N ) and a principal eigenfunction e\($L N , V) exists since we do not impose any 
growth condition on h + and V~ in this case. 

We shall find solutions of (1.1)a as critical points of I\ G C 2 (E,R), defined by 
l x (u) := ~||Vu|| 2 - ~ J V(x)\u\ 2 + I J h(x)\u\P, 



where we denote by E the Banach space D l > 2 (R N ) n L 2 (R N , \V\) n L P (R N , \h\) equipped 
with the norm \\u\\e '■= ||V«||2 + || n llL 2 (R JV ,|y|) + ll n llLp(R JV ,|/i|)- Under the assumptions (1.3) 



and (|J) the space E coincides with D 1 ' 2 (R N ) D L 2 (R N , V~) D L p (R N ,h+) and we may 
replace its norm by the equivalent norm ||Vii||2 + ll n llL 2 (R JV ,v-) + II u IIlp(m jv ,/i+)- 
For A > AiQR^.V) and h~ ^ the energy functional I\ is neither bounded above, nor 
below and zero is not a local minimum of the energy. To find nontrivial solutions we use a 
constrained minimization method and apply the mountain pass theorem to a local minimizer 
of the energy. Conditions ( |1.3|) and (|0|) prevent the possible lack of compactness at infinity. 
Note that in our framework I"(u) need not to be a Fredholm operator from E to E', see 
Remark |4.4| for a precise discussion, which leads to additional technical difficulties. 
Motivated by the work of Ouyang [21] we define for measurable Q C R N 



Xt(n, V, h) := inf{||V«||l | u G D l,2 (£l) n L 2 (R N , \V\) n L P (R N , \h\), 

V(x)\u\ 2 = 1,1 h(x)\u\ p < 0}. 



We set Xi(fl,V,h) = +oo, if the infimum is taken over an empty set. Assumptions (|L 
( [L.4| ) imply that \±(R N ,V,h) is attained or equals +oo (see Lemma | below). 
We can now formulate our main existence result. 

Theorem 1.1. Suppose ( \l.^ )- ^L^ ) hold. Then (1.1)a has a positive solution u G C 1 (M iV ) 
in E for all A such that Ai^M^, V) < A < Ai(R 7V , V, h). The solution u is a local minimum 
of I\. If, moreover, h is nonnegative then u is the unique positive solution in E. 

If Q holds, V + G L N / 2 (R N ) and h~ G L 2 *^ 2 *-p\R n ) then e^M^, V) exists, A^M^, V) 
is simple and Ai(M Ar , V : h) is attained or equals +oo. Consequently 

\i(R N ,V,h) > X 1 (R N ,V) if and only if a(R N ,V) {u G L P (R N , \h\) \ J h(x)\u\ p < 0}. 

Hence Theorem |1.1| includes the existence results in |Ll], |12| mentioned above. From our 
proof it is easy to see that Theorem 1 . 1 continues to hold for arbitrary domains C R N and 



that for a bounded domain Q, V = 1 and h G L°°(£l) the condition Ai(f2, 1, h) > Ai(f2, 1) 
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is equivalent to ( |1.9[) . 

To give our next existence result we need to introduce the set defined by 

Q-° ■= { x e R N | h(x) < 0}. 
If h is nonnegative then we have by definition Ai(M Ar , V, h) = Ai(r2 _0 , V) and we show 
Theorem 1.2. Suppose (Oj-Q) and hr = 0. Then \\(M. N , V) < Ai(fi-°, V) and (1.1) A 



has a unique positive solution u x in E for every A G J := ] A^M^, V), Ai(f2 °, V) [. 
T/te map A i— > u\ belongs to C°(J,E) and satisfies 

lim ua = 0, lim II^aHe = °°- 
\->\i(R N ,V) A-Oki(fi-°,V) 

Furthermore, (1-1)a ^ oes n °t admit any positive solution in E if A > Ai(f2 _0 , V). 

The continuity of A i— > u x is proven merely by hands since we cannot apply the implicit 
function theorem, which is mainly due to the fact that I x (u x ) fails to be a Fredholm operator 



(see Lemma 4.3 and Remark 4.4). 
If V is nonnegative then the blow-up behavior of u\ as A — > Ai(Sl~°, V) is given by 

Theorem 1.3. Under the assumptions of Theorem if moreover V is nonnegative, 
is bounded and Ai(r2 _0 ,V) < oo, then we obtain the pointwise growth estimate 

Ux{x) - \Jn-°,v)-\ e ^-°,v)(x) + u„(x), 

for any \i G J, any principal eigenfunction ei(Q~° ,V) and some C = C(ei,/z) > 0. 

The analogous result for bounded domains was obtained in [O] using that u\ is dif- 
ferentiable as a function of A. We are able to extend their result replacing (d/dX)u x by 
corresponding difference quotients. 

If h~ ^ 0, it is possible to find a second positive solution thanks to the mountain pass 
theorem Q|. We prove 

Theorem 1.4. Suppose (plty-JEfl, hr and A^M^F) < AiflR^, V, /i). T/ien for 
every AG J" :=]Ai(M Ar , V), Ai(M w , V, /i)] equation (1.1)a admits an ordered pair of positive 
solutions u\ < v\ such that 

I\{u\) < and (I x '(u x )ip, (p) > for all ip G E, 

h(v\) > and (I>>(v x )v x ,v x ) < for all A G J-\{A 1 (R iV , V, /*)}, 

/a(«a) = = (I x '(v x )v x , vx) if A = Ai(M 7V , F, h). 

Consider the quantity A*, defined by 

A* := sup {A j A > Ai(M^, V) and (1.1)a admits a solution in E} . 

Theorem |1.2| shows that A* = \i(Q~°,V) = X\(M. N , V, h) if h is nonnegative. Ouyang 



21] discussed (1.1) a on compact Riemannian manifolds M with V = 1 and showed that if 
h~ and Ai(M) < Ai(M, 1, /i) then A* > Ai(M, 1, h) and (1.1)a admits a unique positive 
solution in E for A = A* and at most two ordered positive solution for \\{M) < A < A*. The 
proof consists of a delicate bifurcation analysis which does not work under our assumptions. 



A result in the spirit of [21] is given by the following theorem. 

Theorem 1.5. Suppose V > 0, hr ^ 0, A^M^, V) < Xi(R N ,V,h) and 

< f h~ (:c)ei(fi- ,V) P 



for some principal eigenfunction e\(Q °,V). Then 
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(i) If X e]Xi(M. n , V), X*], then (1.1)a has a positive solution u\ G E such that 

< and (I (u\)f, ip) > for all <p G E, 

(ii) A* < Xi(£l~° ,V) and (1.1)a does not admit any positive solution in E if X > A*. 

Obviously we have Xi(R N ,V,h) < X*. To see that A* could be arbitrary close to 
Ai(O _0 , V) we discuss the dependence of Ai(M Ar , V, h) on h + showing 

Theorem 1.6. Suppose jj^Ufy-fiTfy hold and \\(R N , V, h) is finite. We define for (i E IS 
the function h^ := fih + — h~ . Then 

X!(R N , V, hp) -» Ai(O _0 , V) as // -> oo. (1.12) 

Moreover, j/Ai(fi -0 ,F) < oo, then X\{Q. , V) is attained. 

Theorem |1 . 1| extends to rather general nonhnearities (see f23|), because the solution is a 
local minimizer of the variational functional and may be found whenever the nonlinearity 
is weakly lower semicontinuous. Whereas the proof of the Palais-Smale condition becomes 
a delicate issue in presence of a general sign changing nonlinearity (see [p], |22|). A version 
of Theorem 1.5 for special classes of nonhnearities, e.g. h(x)g{u), is given in [2^]. 

Nonexistence results. Roughly speaking there are two obstructions to the existence of 
(weak) solutions of (1.1)a f° r A > Ai(M Ar ,y). The quotient h + /V + has to grow at infinity 
to ensure the compactness of the inclusion of D 1 ' 2 (M iV ) n L p (R N ,h + ) in L 2 (R N ,V + ) and 
the parameter A must not exceed Ai(f2 -0 , V). We will prove 



Theorem 1.7. Suppose (l.i ). Then (1.1)a does not admit any positive weak solution in E 
for X > Ai(f2~°, V). 

Furthermore, if X\(Q~® ,V) < oo is attained and h j£ 0, then there is no positive weak 
solution of (1.1)a in E for X = Ai(f2~°, V). 

If h is nonnegative then Ai(M Ar , V, h) = Ai(f2 -0 , V) and in this case our results for A are 
optimal. Moreover, the assumption h + ^ is necessary because otherwise = R N and 
no solution exist for A > Ai(M , V). 

In some cases the existence of a positive solution to (1.1)a in E for A > Ai(M Ar ,y) implies 
the compactness of the embbeding in ( |1.4| ). To our knowledge such a connection has never 
been observed in the literature before. Besides such rather abstract results we show that 
the existence of positive solutions leads to integrability conditions on V and h regaining 
( |l.7| ) as a necessary condition. A related result in dimension N = 1 can be found in [17]. 
We state our main result, which will be proven below. 

Theorem 1.8. Suppose (^)-^Tdp and 

V(x) V(x) 
< liminf - — : — < limsup - — : — < oo for some a > —2, (1-13) 

n-°° \ x r \x\^oo m a 



< liminf — < limsup -r\£ < oo for some (3 G R. (1-14) 



h(x) ^ _ h(x) 

|a:|^oo 

Then Ai(M Ar ,y) = and ( \l-4 ) is equivalent to each of the following two conditions 

X ± (R N , V, h) > and (1.1) A is solvable for all X such that < A < Ai^, V, h), (1.15) 

(1.1)a is solvable for some A > 0. (1-16) 
//, moreover, (N — 4) < a, then (H),( l.lt ) and are equivalent to (1.7). 
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2. Nonexistence 



We call n a weak super solution of —An + g(x, u) = in R , if n G Wj Q ' c (R ) and 
VnV</? + / g(x,u(x))<p > V</3 G (^(K^), y> > 0. 



Lemma 2.1. Suppose and 

(1.1)a has a weak positive super solution uq for some A > A^M^, V), 

such that n G C(R N ) n L 2 ^, V + ) n 27 (M^, ' ' 

T/ien i/iere is a positive solution U\ G C 1 (M Ar ) of (1.1)a i- n E such that I\(ui) < and 

{l'l( Ul )v,v) = J \Vv\ 2 - X J V(x)\v\ 2 + (p-1) J h(x)\ Ul \ p - 2 \v\ 2 >0 VuGB. (2.2) 

Proof. We begin by proving the claim under the additional assumption that 

no does not solve the equation in (1.1)a- (2-3) 

To this end we consider the set M := {u G E | < u(x) < uq(x) a.e.} and try to minimize I\ 
in the convex set M. Because A > AiQR^, V) we may choose R > large enough such that 
A > Xi(B R (0),V). Because V G C(R N ), a positive minimizer ei(B R (0), V) G C C {R N ) for 
Xi(Br(0), V) exists. Due to the fact that t -ei(B R (0), V) is an element of M for small values 
of t and n G L 2 (R N ,V + ) n L P (R N , h~) we have -oo < mf ueM I\(u) < 0. Let (n„) n6N 
be a minimizing sequence for 'mf ue M Because < u n < uq and no G L 2 (R N ,V + ) D 
U>(R N ,h-) the functions (n n ) neN are uniformly bounded in L 2 (R N , V + ) n L' P (R N , h~). 
From the boundedness of (I\(u n )) n ^ we derive that (n n ) ng ^ is bounded in E. We may 
assume (n n ) n6 N converges weakly in E to some u\ G £7 and pointwise almost everywhere. 
Since M is convex, M is weakly closed and u\ G M. By the dominated convergence theorem 
we see that (n n ) nS N converges strongly to U\ in L 2 (R N , V+) n L P (R N , h~). Fatou's lemma 
now yields I(u%) < inf Mg j\,/^( n ) < 0. By Perron's method (see |27| , Thm. 2.4]) the function 
ni is a weak solution of —An — V(x)u + /i(x)n p_1 = in IR^. 

By standard regularity results and Harnack's inequality (see for instance [25, C.l]) the 



function u\ is strictly positive and an element of C 1 (IR Ar ). ( |2.3D ensures u\ ^ uq. Consider 
the nonnegative function w := Uq — u\. Clearly w solves —An; + (— XV(x) + h{x)g{x)) w = 
in R N , where g is a continuous function, defined by 

{u1~ 2 (x)-uZ,~ 2 (x) .r- / •> / \ 

«i(x)— uq(x) ^ iv - ; 

(p — 2)ni(x) p_3 if u\{x) = uq{x). 



Hence we may again apply Harnack's inequality to see that u\(x) < uq(x) for all x G R N . 
Thus (I"(vi)<p, <p) > for all <^ G C%°(R N ) and by density for all v E E. 
Now suppose no is a solution of (1.1) a- In this case we consider the equation 

-An - XV(x)u + h{x)u p - x + -h+ix)^- 1 = in R^, (2.4) n 

n 

with the corresponding energy functional J n , defined by J n (u) = I\(u) + — J h + {x)\u\ p . 
The function no is a strict super solution of (2.4) n for each n G N. We now apply the 
same reasoning as above to obtain a sequence of solutions (v n ) n( =n to (2.4) n such that each 
v n satisfies ( ^ ) with /a replaced by J n . From J n (v n ) < J\{v\) < and < v n < no 
we conclude that (n n ) ne ^ is bounded in E\ By passing to a subsequence we may assume 
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(v n ) n eN converges weakly in E to some u\ £ E and pointwise almost everywhere. By the 
dominated convergence theorem and Fatou's lemma we conclude 

I x (ui) < liminf I x (v n ) < Ji(vi) < 0. 

The weak convergence implies that u\ is a critical point of I\. Regularity results and 
Harnack's inequality [25] show u\ E C*(M. N ) is a positive solution of Fix w € E. By 

Holder's inequality we have for arbitrary Q C R N 

p-2 2 2 

\h(x)\ \v n f- 2 \w\ 2 < (J \h(x)\ \v n \A ' (J \h(x)\\w\A " < C (J \h{x)\ \wA " . 

We observe that the last term becomes small whenever is small or n -Br(O) = for 
large R > 0. Since (v n )ngN converges pointwise almost everywhere, we may apply Vitali's 
theorem [jl6] , Thm. 13.38] to get 

lim / h + (x)\v n \ p ~ 2 \w\ 2 = [ h + (x)\ui\ p ~ 2 \w\ 2 and (l' x \ Ul )w,w) = lim (J"(v n )w,w) > 0. 

n— >oo y J n— kxd 

□ 



Corollary 2.2. Under the assumptions of Lemma 2.1 there holds 

D 1,2 (R N ) n L 2 (R N , V~) n L P (R N , h + ) is continuously embedded in L 2 (R N , V + ). (2.5) 

Proof. Let cp € C^°(M Ar ). By (U) and Holder's inequality we have 



V + {x)\v\ 2 < l -j |V^| 2 + | V -(xM 2 + ^- I h+{x)u\- 2 \v\ 2 

1 2 P — 1 II IIP - 2 ||2 
< ^11 V^|| 2 + IM|z2(]RN Y-) H — \\ u l\\LP(RN,h+) H ( ^llLP(R JV ,h+)- 

The claim follows because C^ D (R N ) is dense in the involved spaces. □ 

The next lemma gives some information concerning the behavior of sequences which con- 
verge weakly to zero in D 1,2 (R N ) n LP(R N , h + ). 



Lemma 2.3. Under the assumptions of Lemma [g. i| any sequence (u n ) n ^ in E, such that 
u n -± in D 1 ' 2 (R N ) n L P (R N , h + ) and f |Vu n | 2 <- I V(x)\u n \ 2 , (2.6) 



satisfies limsup n ^ 00 J V(x)\u n \ 2 < 0. 

Proof. Suppose the assertion of the lemma is false. By passing to a subsequence we may 
assume that (u n )neN converges to zero pointwise almost everywhere and 



lim / V{x)\u n \ 2 > 0. (2.7) 



By Lemma 2.1 there exits w € E satisfying (|2.2| ). We use Vitali's theorem as in the proof 
of Lemma 2A to see that 

J h + (x)\w(x)\ p - 2 \u n \ 2 -> as n -> oo. (2.8) 
By (EjD, Q and (E3) we have 



< / |Vu n j 2 - A / V(x)K| 2 + (p - 1) / /i+^l^r 2 !^! 2 < -~ I V{x)\u n \ 2 + o(l), 



as n — > oo, contrary to (2.7). □ 
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Corollary 2.4. Under the assumptions of Lemma \2. 1 , if moreover 

D 1,2 (R N ) is continuously embedded in L P (R N , h~), (2.9) 
then we have \ X (R N , V, h) > 0. 

Proof. Suppose contrary to our claim Ai(M Ar , V, h) = 0. Let (u n ) n ^ be a minimizing 
sequence of \i(M N , V, h), i.e. 

J V(x)\u n \ 2 = 1, J h(x)\u n \ p < and \\Vu n \\l 0. (2.10) 



Clearly (u n ) n€ ^ is bounded in D 1,2 (R N ). We conclude from ( |2.9D that (ii n ) ne N is bounded 
in L P (R N , \h\). Passing to a subsequence we may assume that (ii n )ngN converges weakly 
to zero in D 1 ' 2 (R N ) n L p (R N ,h + ). Lemma |J tells us that limsup^^ / l/(x)|u n | 2 < 
contradicting (|2.10| ). □ 



Proposition 2.5. Suppose and ( \2. j[ ). Moreover, we assume 

D 1,2 (R N ) n L P (R N , \h\) is compactly embedded in L 2 (R N , V), (2.11) 

there exist e < 2, c\ > and for each R > 2 there are a positive constant C R and a 
nonnegative function h R such that 

ciR~ E V + (x) < V + (R ■ x) for all x G R N , (2.12) 
h + (R ■ x) < C R h + (x) + h R (x) for all x £R N and (2.13) 
D 1 ' 2 (R N ) n L P (R N , h + ) is continuously embedded in L P (R N , h R ). (2.14) 
Then D 1 ' 2 (R N ) n L P (R N , h+) is compactly embedded in L 2 (R N , V + ). 

Proof. For u G D^ 2 (R N ) n L P (R N , h + ) n L 2 (R N , V + ) we write u R (x) := R^~ N ^ 2 u(x/R) 
and deduce by fl2~12D and pl^ ) for > 2 

y V + (x)\u\ 2 <c^R £ J V + {R-x)\u\ 2 = q 1 y y + 0r)|uR! 2 , (2.15) 
y /i+(a;)|t*fl|P < R^- NI ¥ y /i+(i? • x)|u| p < y /i + (z)M P + y (2.16) 

j \Vu R \ 2 = R £ - 2 j \Vu\ 2 . (2.17) 

Let (n n ) ng N be a sequence in Z) 1 ' 2 (R Ar ) n L P (R N ,h + ) converging weakly to zero. The 
assertion of the theorem follows if we show that (u n ) n ^ converges to zero in L 2 (R N , V + ). 
Conversely, by passing to a subsequence, suppose that 

lim / V r+ (x)|u n | 2 exists and is positive. (2-18) 

n— »oo J 

First we show that ( |2.18| ) leads to a contradiction under the additional assumption that 

y |Vn n | 2 < ^ y l/+(x)|u n | 2 for all n G N. (2.19) 

By ( pH ) the sequence of integrals JV (x)\u n \ 2 converges to zero. Consequently Lemma 
|2^ and ( p39| ) yield / F+(x)|u n | 2 -> as n -> oo, contrary to ( gig ). 
To complete the proof we suppose 

flVwJ 2 A 
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If A = oo, then obviously fV + (x)\u n \ 2 — > as n —>■ oo because ||Vu n ||2 is uniformly 
bounded in n. If A < oo, then we take R > (3A/Aci) 1/(2 ~ £) and 

v n (x) := u n , R (x) = R {£ ~ N)/2 u n (x/R) for each n G N. (2.20) 

By ( pig ) and ( ^17) ) the sequence (u n )„ eN is bounded in D 1 > 2 (M JV ) n L"^, and con- 
verges weakly to zero in D 1,2 (R N ). Thus by passing to a subsequence we may assume 
{v n ) n( z N converges weakly to zero in D 1 ' 2 (R N ) n L P (R N , h + ). From (|2~T^ ) and ( pl7| ) we 



deduce 



lim sup 



Aci J|V^n| 2 A 
/y+(x)K| 2 "= 3A Cl /y+(x)K| 2 " 3' 



< 



(2.21) 



From the above analysis we conclude J y + (x)|u n | 2 — > as n — > oo, hence by ( 2.15| ) we have 
J y + (a;)|w n | 2 — > as n — > oo, contrary to (|2.18 ). □ 



Remark 2.6. Using (2.2C) and (2.21) in the proof of Proposition 2.1 we easily obtain that 
\±(R N ,V) = under the assumption ( 2.12] ). 

Corollary 2.7. Suppose fil3\),R2l\) and ^J^)-^TJ^). Then D 1 ' 2 (R N ) n L P (R N , h + ) is 
compactly embedded in L 2 (R N \V + ). 

Proof. We may estimate for R > 1 by ( 1.14| ) 

h + (R ■ x) < c R h + (x) + \\h + ■ Xb m . r (0)\\oo ■ Xb m .r(o)( x ) for some M > °- 

By ( |1.13[) we may find positive constants C 2 > 2, < cf < cf such that 

c±\x\ a < V{x) < c[\x\ a for all |x| > C 2 . 



(2.22) 
(2.23) 



Define V : R N R by 

'cf|x| a if C 2 + 1 < |s| 

V (x) := i c][(|x| Q - C%) if C 2 < |z| < C 2 + 1 

min(y(x),0) if \x\ < C 2 . 

We may estimate for all \x\ > C 2 + 1 and i? > 1 

W </? -q 

For C 2 < \x\ < C 2 + 1 and R > 2 we have since C 2 > 2 

V (x) < q(|C 2 + ir-C 2 Q ) 



^o(^) 

Putting together the two above observations we obtain for all R > 2 

( | C2+ g- C?) g,y ° + M £ >* + (*> < 2 - 24 > 

By Remark gj we obtain \i(R N , V Q ) = 0. Since V < V and (gjg)-( g]2g) hold, Proposition 
|275| applied to Vq and /i gives 

D 1 ' 2 (R N ) n L^R^, /i + ) is compactly embedded in L 2 (R N , V^). (2.25) 

Since V + is smaller than (c^) _1 c^V^ + outside a bounded domain, fl2.25| ) remains true if we 
replace Vq by V + . □ 

To prove that (|lTT5D-(|TTT^) are equivalent to §L7§ we need 
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Lemma 2.8. Under the assumptions of Lemma \2. j , if moreover there exits R > such 
that 

V,he C 2 (R N \B R (0)), h(x) > V|x| > R, limsup ^^ = 0, 

l^oc h(x) 

i 

A ( ^J^ ) > in 0+ := {z € 1^ I V(x) > 0, Id > R}. 

f + fy + \^ 

Then the integral I V I — — is finite. 

Jr n \b r (o) V h J 



(2.26) 



Proof. By Lemma |2.1| and standard regularity results we may assume uq solves (1.1)a an d 
u G C 2 (R N \B R (0)) n E. For abbreviation we write w(x) instead of (V + (x)/h(x)) 1 / ( P' 2 \ 
Because no is a positive function we may choose a > such that A > a and 

u (x) > (A - a)p=*w(x) in {x G R N \ \x\ = R}. 

We will denote by Vl a the set {x G | — Auo — o~V(x)uo > 0, \x\ > R}. Because no is a 
solution to (1.1) a an easy calculation shows 

x G S1 CT h(x)u (x) p ~ 2 < (A - cr)V(x) n (x) < (A - a)~w(x) and C 

The basic idea of the proof is to show that Q a is empty. Conversely, suppose that there is 
xo G Vt a , i.e. |xo| > R and 

n (x ) - (A - fj) 1/(p - 2) n;(x) = -e for some e > 0. (2.27) 



From ( 2.26| ) we may choose R\ > \xq\ large enough to have uo(x) — (X—a) 1 ^ p 2 ^w(x) > —e/2 



for all x G Q a satisfying \x\ = R±. With the notation := Q<j n B Rl (0) we have 

inf (u (x) - (A - a^tP-Vwix)) > - J and A(n - (A - a) 1/(p - 2) w) < in 0, (2.28) 



xedn, 



By fl2,28| ) and the maximum principle we deduce uq(x) — (A — a) l K p 2 ^w(x) > —e/2 for all 
G f2*, contrary to ( 2.27|) . 



x 

Consequently, we have uq(x) > (A — cr) 1 /^ -2 )^;^) for all x satisfying \x\ > R and we may 
estimate 

2 

oo> / ^ + (2;)«o > (A -o)*=* I V + 

□ 



Corollary 2.9. Under the hypothesis of Lemma 2.1, given any functions ho and Vq satis- 
fying ( 2.2(\ ) such that 

h Q {x) > h(x) and V (x) < V(x) in R N , (2.29) 
30 < ip G C™(R N ) : J |V^| 2 - Ay ^o(z)M 2 < 0, (2.30) 



'0 



I hen tin integral j ( ) is Jinih for sonu R > 0. 



Proof. By ( 2.29| ) the function no is a super solution of —An — Vo(x)n + ho(x)u p 1 = in 
R . From ( 2.30| ) we conclude A > Xi(R N , V ). Hence we may apply Lemma with h and 



V replaced by ho and Vq. □ 
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Proposition 2.10. Suppose j\l.ty ,( \2JiUl) > ( LLM l-( [OjP an d (N — 4) < a, where a is given 
in (1.1c ). Then we have for some R > 



/ V + \ p-2 



R N \B R (0) 



< oo. 



Proof. An easy computation shows that the claim of the proposition holds if and only if 
{13 -a) > (N/2 + a/2)(p - 2). Conversely, suppose that ((3 - a) < (N/2 + a/2)(p - 2). 
Since (N — 4) < a there holds 



(JV-2)(p-2)< (^ + 2](p-2). 



(2.31) 



_ /3 — Q 

A ( Ixl p- 2 



By direct calculation we obtain 

> for all x ^ if (/3 - a) > (N - 2)(p - 2). (2.32) 

From ( 2.3l| ) it is possible to choose (3' > (3 such that 

(N - 2)(p - 2) < (/?' - a) < (N/2 + a/2)(p - 2). (2.33) 
Consider the functions ho and Vq defined by 

h (x) := max(C 2 |x| /3 'x|x|>i? + X\x\<r, h ( x )), 

V (x) := min(Ci|a;| a X|x|>ij + C^x^kr, V(x)). 

Take an arbitrary nonneg ative ip € C™(R N \B R (0)) and define for t > the function 
ip t [x) := t^- N ^ 2 ip(x/t). Then ||V^|| 2 = ||V^|| 2 for all t and since a > -2 



Hence A 



R N \B R (0) 



\x\ a \(p t (x)\ 



t 



2+a 



R"\B R/t (0) 



\x\ a \(p(x)\ 



oo as t — ► oo. 



(2.34) 



and we may apply Corollary |2.9| to see that 

Vn 









h 



2 

p-2 



< OO. 



□ 



lRN\B n <!3) 

Thus (/?' - a) > (AT/2 + a/2)(p - 2), contrary to ( gj^ ). 

Proof of Theorem [1.8| . Analysis similar to that in the proof of Proposition 2. 10| in ( |2,34D 

leads to Xi(R N ,V) = 0. 

Obviously (PH ) is a consequence of ( |1.15|) . If (|1.16|) h olds, then Corollary |2.7| shows that 
(PI) is satisfied. If (O) holds, then by Lemma M below we have Xi(R N ,V,h) > 0. 
Consequently Theorem |l.l| yields ( |1.15 ). The last part of our claim is true by applying 
Proposition |2.1C and since (1.7) is a sufficient condition for ( |l.4|) . □ 

Spectral conditions 

The contents of the next lemma is the relation of positive solutions to the first eigenvalue 
of linear problems. It is known and can be derived by testing — Auo = k(x)uo with (p 2 /uo 
and Cauchy-Schwarz' inequality. 

Lemma 2.11. Suppose there exists a continuous, positive weak super solution uq > of 
-Au = k(x)u in R N , where k G L} oc (R N ). Then 



k(x)ip' z < I |Vyf V if G C™(R N ) 



(2.35) 
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Proof of Theorem [1.71 Suppose (X,u) solves (1.1)a- The fact, that C£°(R N ) is dense in 
the space E u := D 1 ' 2 (W*) n L 2 (R N , \V\) n L 2 ^, h + vP~ 2 ) and Lemma |27lTl imply 

i / (v( X ) - ^) ^ / (v( X ) - ^r^) ^ 

- > sup — 2 > sup 2 



(2.36) 



tp£C™QSL N ) Il v ^ll2 ^eC^R") Il v ^ll2 

h+(x)uP- 2 \ 2 



SUp 2 > SUp „ 

¥>GE U ||Vy|| 2 l peD 1 ' 2 (IR JV )nL 2 (R JV ,|y|) ll V ^ll2 

</j(z)=0 a.e. in !»JV\O-0 



1 



Ai(0-°,F)' 

Now suppose Ai(r2 _0 ,y) < oo is attained by vo and m is a solution of (1.1)a for A = 
Ai(Q _0 , V). The above calculation shows for A = Ai(S7~°, V) 

J (^j - x^kv)) <P = JV(x)vl 
^eD^nL^lvQnL^h+MP- 2 ) ll^lll ll^olli 

Consequently weakly solves 

-A«o(a:) - Ai(fT°, V)V(x)v (x) + /i + (x)u p - 2 (x)u (x) = xeR N . 

Harnack's inequality and a regularity result in p5| , C.l] imply vq(x) > for all x £ R . 
Hence h + = and O" = 

Since C^°(R N ) is dense in D 1 - 2 (R JV ) n L 2 ^, \V\) and by (p6|)-(p^) 

1 / ( V ( x ) ~ ^ f^(x)^ 2 1 

SUP (Tn ' = SUP 



Ai(n-«,v) ^4^) liv^m v*c?p«) livvlll AiCn-o.r)' 

Hence J h~ (x)u p ~ 2 Vq = and h~ = 0, which is impossible. □ 

3. Behavior of Ai 



IS 



Lemma 3.1. Suppose (jTjj)-^4) hold and Ai(M JV , V, h) is finite. Then \ X (R N , V, h) 
attained by some nonnegative uq £ E. 

Proof. Let {u n ) nG n be a minimizing sequence for \i(R N ,V,h) . Because the inclusions of 
D 1 ' 2 (R N ) in L p (R N ,h~) and D 1 - 2 (M JV ) nL p (R 7V ,/i + ) in L 2 (R N , V + ) are compact, we see 
that (u n ) nG N is bounded in E. Hence we may assume (u n ) n <=N converges weakly in E to 
some no £ -E. Due to the compactness of the above embeddings we have f V(x)\uq\ 2 > 1, 
J h(x)\uo\ p < and ||Viio|| 2 < A^M^, V, h). The rest of the claim follows after appropriate 
scaling and replacing uq by |«o|- 1=1 

Proof of Theorem [□§. By definition Xi(R N , V, h^) < Ai(0"°,F) for all « > 1 and the 
value Ai(IR Ar , V, ha) is monotone increasing in fi. Therefore 

lim Xi(R N , V, hn) =■ A < Ai(0-°, V). 

If A = +oo then obviously the claim is true. Hence we may assume A < oo. Consider 
(ttn)neN) where u n is the minimizer of Ai(M Ar , V, h n ) found in Lemma EO. Analysis similar 
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to that in the proof of Lemma 3J. yields that (u n )n€N is bounded in E and by passing to 
subsequence we may assume 

u n ->> u in E, J V + (x)\u n \ 2 -> J V + (x)\u \ 2 and J V\u \ 2 > 1. 
Because J h~(x)\u n \ p is bounded, we see J h + {x)\u n \ p < ^. From that we conclude 

< / h + (x)\u \ p < liminf / h + (x)\u n \ p < 0, 

J n-»oo J 

hence that uq(x) = for almost every x G M Ar \r2 _0 , and finally that 

Ai(Q~°, V) < ||V«o||| < bminf ||Vn n ||| = lim \x(R N , V, h n ) = A < Ai(jr°, V). 



□ 



4. Existence of a local minimizer 
The existence of a minimizer in an open subset of E is proved by 



Lemma 4.1. Suppose (\U! l )-([l4) and Ai(M w ,F) < A < Ai(M w ,V,/i) /ioW. T/ien the value 

a(X) := inf |/ A (n) | ^|r^ > ^, « € M{0}} (4.1) 

zs negative and attained by some nonnegative uq G 
Proof. Because Ai(M iV , V) < A, there is a tt € £7 such that 

llVfill? - A / V\u\ 2 < 0. 



Hence we have I\(tu) < for small positive t and <r(A) < 0. 

Let (u n ) nS N be a minimizing sequence. To obtain a contradiction, suppose 



< si := J V(x)\u n \ 2 -> oo as n -> oo. (4.2) 

Write u n := The sequence (i> n )neN is bounded in D 1 ' 2 (IR 7V ) by (|4~l| ) and we conclude 
for large n 

p-2 

|2 _ CL -l £2_ / hMU, IP 



0>^l|V^|| 2 -^ + ^ | h(x)\v n \ 



Consequently we have limsup^^oo J h(x)\v n \ p < 0. By (L3)-(L4) we see (f n )neN is bounded 
in E and by passing to a subsequence and ( |1.3j ) we may assume 



/i(aOW < liminf / /i(z) W P < 0. (4.3) 

n— >oo J 

flLj) leads to JV(x)\v \ 2 > 1. Finally ||Vu ||| < liminf^oo p7v n \\% < A < Xi(R N , V, h) 
contradicts the definition of Ai(M Ar , V, h). 

Hence (n„) ne pj is bounded in D 1,2 (M. ), therefore f h~(x)\u n \ p is bounded due to (O 
Because I\{u n ) < for large n we may deduce that J h + (x)\u n \ p is bounded. From ([L 
we infer that J*|y(x)||u| 2 is bounded, consequently (tt n )neN is bounded in E. Taking a 
subsequence we may assume (tt n ) nG N converges weakly in E and strongly in L 2 (R N ,V + ) 
and L P (R N , hr ) to some u G E. Thus 

I\(uq) < liminf I x (u n ) = o-(A) < and ||V«o||l - A / V{x)\u \ 2 < 0. 

n— >oo ~ / 
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If ||V«o||| = A fV(x)\u \ 2 then due to the definition of Xi(R N , V, h) we have / ' h{x)\u \ p > 
and consequently I\(uq) > which is impossible. Hence \uq\ minimizes c(A). □ 

Proof of Theor em The part of our claim concerning existence is an obvious conse- 
quence of Lemma 4.1 



Suppose contrary to our claim that h > and u/v are two positive solutions of (1.1)a i n 
C^M^) HE. A direct computation shows that / G C(R N ), defined by 

jr x \ .- J — u{x)-v(x) — Hu(x)^v{x), 
\(p — l)u p ~ 2 (x) otherwise. 

satisfies f(x) > u p ~ 2 (x) for all x G R N . We write w = u — v. Suppose w(xq) ^ for some 
x € R N \n-°. Then we obtain a contradiction by using (|2.35| ) and 



= (l' x (u) - I' x (v)) w = J \Vw\ 2 - X J V{x)w 2 + / h{x)f{x)w 2 
> [ \Vw\ 2 - X f V{x)w 2 + [ h(x)u p - 2 w 2 > 0. 



Hence w(x) = for all x G \r2~° and ||Vw||| = A / V(x)w 2 , contrary to A < \i(fl~°, V). 

□ 



Remark 4.2. Under the assumptions of Theorem 1.1 we obtain a solution u\ of f° r 
every X\{R N ,V) < A < \i(R N ,V,h) as local minimizer of I x , i.e. 

fV(x)\u\ 2 ^ 1 

\2 



I x (u x ) = inf { I x (u) | J _ ' > u G E\{0} 



Consequently we have 

h>(u\>) < h(u\) - (A' - A) / V{x)\u x \ 2 < I x (u x ) if X < X'. (4.4) 



Proof of Theorem |1.2| . To obtain a contradiction we suppose Ai(M^, V) = Ai(0 °,V). 
Obviously A^M^, V) is finite. Hence by Lemma [O] the value Ai(f2 _0 ,V) is attained by 
some function ei(n -0 ,V). Because AiQR^V) = Ai(fi~°,V) the function ei(n -0 ,V^ is a 
weak solution of —Au = X\(R N , V)V{x)u in Mr . Harnack's inequality yields e\(Q~ , V) is 
positive in R , which is impossible. Existence and uniqueness follow from Theorem |1 . 1| . 
We observe for any \x < Xi(Q~°, V) 

sup H^aIIb < °°- (4-5) 

Ai(R iv ,V r )<A< A i 



To show (4.5) we proceed analogously to the proof of Lemma 4T and assume, contrary to 
([Oi|) , that there is a sequence (A n ) ng N such that ||uaJ|e - ► °o and A„ , — > // < Ai(J7 _0 ,F) 
as n — > oo. Because /i is nonnegative and I\ n {u Xn ) < we obtain := J^(a;)|uA n | 2 - > co 
as n — ► co. We write v n := u\ n /s n and get 



P-2 



o > = JlKH 2 - ^ + — / K*)KV- ( 4 - 6 ) 

s 2 n 2 2 p J 

Consequently {v n ) n ^ is bounded in E and passing to a subsequence we may assume (v n )neN 
converges weakly in I? to Vq. We have t>o ^ 0, because 



/y(x)|uo| 2 > limsupy(x)|u n | 2 = 1. 
n— >oo 
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Finally J h(x)\vo\ p = and ||Vi>o||| < ^ contradict the definition of Ai(f2 _0 , V). 
Fix (A n ) ne N such that A n — > A G (A^M^, V), Ai(f2 _0 , V)) as n — > oo. To obtain a contra- 
diction we suppose 

||ua„ — u\\\e > s for all n € N and some e > 0. (4-7) 

From (4.4) we infer 

limsup/ An (n A J < 0. (4.8) 



By (|4.5|) the sequence (^A n )neN is bounded in E 1 . Passing to a subsequence we may assume 
( u A n )neN converges weakly in E and strongly in L 2 (W N , V + ) to some u Q € E. The function 
uq is a weak nonnegative solution of (1.1)a and uq ^ because 

^a(^o) < liminf I\ n (u\J < 0. 

n— >oo 

Uniqueness of positive solution gives uq = u x . We may estimate using the strong conver- 
gence in L 2 (R N ,V+), 

= I '\ n (ux n )u Xn - I x (u x )u x 



(I|V«aJ|| - ||V«a||1) + An (| V-(x)\u Xn \ 2 
-(XnJ V+(x)\u Xn \ 2 - A | V + (x)\u x \^ + (J h(x)\u Xn \ 



V-(x)\u x \ z +(A n -A) / K-(x)|« A 



— >0 as n— >oo 
^,(x)|tiA| P 



— >0 as n— >oo 

Consequently, the uniform convexity of the involved spaces shows that u Xn — > ua in £" as 
n — > oo, contradicting (4.7). 

Fix (A„)„ 6 n such that A n — > A^M^, V) as n — > oo. By (4J3) we see 
0>J A (u A ) = ±||Vu A ||l-Ai(]R",V) y V{x)\u x \ 2 + ^f h(x)\u x \ p + o(l) x ^ Xl(RN y) . (4.9) 

Hence u An — > in L p (M> N ,h) as n — ► oo. Suppose limsup^^oo J F(a;)|u A „ | 2 > e > 0. 
Passing to a subsequence we may assume (u\ n )n£N converges weakly in E to some u$ ^ 
satisfying 

HVuolll-AiCR^VO I V(x) \u 1 2 < liminf h n (u Xn ) < 0, 

contradicting AiQR^V) < Ai(fi _0 ,V) and f h(x)\u \ p = 0. Consequently from ( |4.9| ) we 
deduce that u An -» in D 1 - 2 (M JV ) n L P (R N , h) n L 2 (R N , V + ). We use again the fact that 
I\(u\) < to see that 

J V-(x)\u Xn \ 2 < J V + (x)\u x J 2 -j-(\\Vu x J 2 + l J 

which finally gives u Xn — > in E. 

Fix (A n ) rag pj such that A n — > Ai(J7~°,y) as n — > oo. If Ai(f2 _0 ,F) = oo, then by (4.4) we 
see h n (u Xn ) -> -oo and 

1 ll/" 

-oo = ^hm^Aj-UAj - 2 J A n ( M A n )^A n = (- - 2) J H X )\ U \J P - 
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Consequently J h(x)\u\ n \ p — > oo as n — > oo. 

Suppose Ai , V) < oo and («A n )neN is bounded in E. Thus by passing to a subsequence 
we may assume that (u\ n ) n£ ^ converges weakly to no in E. By (4.4) 

h L (n-oy)(uo) < lim inf I Xn (u Xn ) < 0. 

Thus uq is a nonnegative weak solution of (1.1)a f° r ^ > Ai V), which is impossible 
due to Theorem 1.4 and Lemma 1.6. □ 



Lemma 4.3. Under the assumptions of Theorem l.i the operator I' x (u\) : E — > E 1 is 
injective. If, moreover, 

L p (R N ,h + )y^ D 1 ' 2 {R N )nL 2 (R N ,\V\), i.e. D 1 ' 2 (R N ) n L 2 (R N , \V\) ^ E (4.10) 

i/ien the inverse of I'((u\), defined on I"(u\)(E), is not continuous. 

Proof. To show the injectivity it is enough to prove that 

(l' x '(u x )cp, if) > for every if G E\{0}. (4.11) 

By ( §3g ) applied to k(x) := XV(x) - h(x) u P x we obtain 

F(ip) := J |V(^| 2 - Ay y(x)<^ 2 + J h{x)u p ~ 2 {x)^ 2 > Vy? G E. 
We may write 

(J»^)=F(^) + (p-2) J h(x)u p ~ 2 (x)ip 2 . 
Thus (I'l(u\)ip, tp) > for every p D 1,2 (fi _0 ). For v? G D 1 ' 2 ^' ) we obtain 
(I>aW) = / |V^| 2 -A / y(x)^ 2 >(A 1 (fi-°,y)-A) / |V(^| 2 , 



and (4.11) follows. 

To prove the second part of our claim we take a sequence (tp n )n£N C -E such that ||</?n||.E = 1 
for all n G N and (u n ) rag N converges to zero strongly in D 1,2 (R N ) n L 2 (M Ar , |V|). This is 
possible by ( 4.10| ). We obtain using Holder's inequality 

SUp / h(x)u P x lf n 1p < SUp ( / h(x)u x P ~ 1 \ip n \ p ' 1 ) p ( / /l(x)|V'| P ) p 



< ( / 



(p-2)p 



p-1 



A 



p-1 
p 



Obviously ((p n ) n eN converges to zero pointwise almost everywhere and we may use, similar 
to the proof of Lemma ^l], Vitali's convergence theorem [|l(| to deduce that the latter 
integral tends to zero as n — > oo. Consequently, I x (u\)ip n tends to zero in E', which yields 
the claim. □ 



Remark 4.4. Under assumption ( 4-1C ) the operator I x (u\) is not invertible on its range, 
hence we cannot use the implicit function theorem to prove that the map X t—* u\ is C 1 (J, E). 
Moreover, we may deduce that I' x {u\) cannot be a Fredholm operator under assumption 
(4-1C). Conversely, suppose that the codimension of the range of I x (u\) is finite. Then 
we could decompose E' topologically into E' = I' x {u\){E) © T . Since I{'(u\) is injective, 
the open mapping theorem would yield in this case a continuous inverse on I' x (u\)(E), in 
contradiction to Lemma 4-5. 
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Proof of Theorem 1.3. Because V is nonnegative we see that u\> is a strict super-solution 



of (1.1) a for any A' > A. Hence by Lemma 2.1 there holds u\ > for any A > fi, which 
gives 

. = u x (x) - u^x) > o for ^ x e rN ^ 
A — /x 

To estimate the growth behavior of u\ we use an idea given in 15 , 2C ] and try to differentiate 
(1.1) \ with respect to A. Because we do not know that the map A i— > u\ is C X (J,E), we 
have to work with v\. We obtain for all ip € E and A > /i 

(T(v x ),<p) := / Vv x Vp + [ (-W(x) + h(x)fx, li (x))vx<P= [ V(x)u^, (4.13) 



where f\ )ft (x) := (u p x 1 (x) - u£ 1 (x)j (u\(x) - u^x)) 1 . 

Fix fi € (A 1 (M 7V , V), Ai(f2~ , V)) and a p 
a positive function and f2 -0 is bounded, 
Consider the function wx £ -E" defined by 



Fix /i € (A^R^, V), Ai(Q °>V)) and a principal eigenfunction ei(f2 °, V). Because is 
a positive function and J7 _0 is bounded, there is a C > such that > Ce\(£l~° ,V). 



Consequently, by ( |4.13 ), we have for all nonnegative <p £ D 1>2 (Q~°) n L 2 (R N , V) 



(T(w x ), <p)=J (V(x)u^ - CV(x) ei (n-°, V)) if > 0. (4.15) 
Testing flOp with w~ = - min(w A , 0) € D 1 ' 2 ^ -0 ) n L 2 (R N , V) we see 

< (T(w x ),wx) = ~ ( T KW) < °> 
because A < Ai(J7 _0 , V). Hence > and the claim follows. □ 

5. Results for sign-changing h 

We give existence and multiplicity results concerning sign-changing h. To this end we 
need to introduce the set fi°, defined by 

n° := {x € M N | h(x) =0}. 



Lemma 5.1. Suppose ((XJj-fyp, h~ and A i (R JV , V^) < A^R^, < oo. TTten we 
may choose a > suc/i i/iai a • uq is a positive solution of (1.1)a f or A = Ai(R Ar , V, h), 



where uq is the minimizer of Ai(R Ar , V, h) obtained in Lemma 3.1 



Proof. First we shall show that A i (R Ar , V, h) < X 1 (Q°,V). Conversely, suppose that this is 
wrong. (|l.4[) implies that Ai(f2°,V) is attained by some ei(f2°,V). Because Ai(R w ,y) < 
Ai(R Ar , V, h) we may choose ip\ E E such that 

Vei(n°, V)Vp\ - Ai(S2°, V) J V(x)ei(Q°, V)<pi < 0. (5.1) 

Because h~ ^ there is if 2 G Cc(-{x | /i(a;) < 0}) such that 

h(x)\<pi +ip 2 \ p < 0. (5.2) 
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By (|5,1[ ) and (|5.2|) we see for small values of t > 



J h(x)\e 1 (Q,°,V) + t(<p 1 + <p 2 )\ p = t p jh(x)\<pi + ip 2 \ p < and 



|V( ei (fi ,y)+% 1 + ¥ > 2 ))|| 2 ^ \\v ei (n°,v)\\ 



2 



< r^F^rr^ =Ai(n°,V). 



/ F(x)( ei (^, V) + tfo + <^ 2 )) 2 / V(a;)ei V) 
Thus Ai(M Ar , V, h) < Ai(n°,y). 

To obtain a contradiction, suppose J /i(x)|no| p < 0. Because the set {u G E\ f h(x)\u\ p < 0} 
is open in E, the function no is a local minimizer of inf{||Vn|| 2 | / T^(x)|n| 2 = 1}. Therefore 
uq is a weak solution of -An = \\(R N , V, h)V(x) u in M. . Standard regularity results and 
Harnack's inequality (see C.l]) show that no is a positive and continuous function. Now 
the estimate ( 2.35| ) in Lemma |2.11| contradicts the assumption Ai(M Ar , V, h) > X\(M. N , V). 



Thus we have / h{x)\u \ p = 0. We define M : E -> R 2 by 

M(u) := (Mi(«),M 2 («)) = f i / V{x)\u\ 2 ,- I h{x)\u\ p 



2 J ^ " 1 p 
Obviously M G C 1 ^,! 2 ) and for all u,ip £ E there holds 



M'(u)(p= (^j V{x)u<p, j h(x)\u\ p - 2 u(f 



We have M'(no)no = (1,0). If / /i(x)|no| p_2 n v? = f° r ai l <P £ then /i(x)|n| p_2 u is zero 
almost everywhere, which implies uq{x) = for almost every x € M Ar \J7°, contradicting 
X±(R N ,V, h) < Xi(il°,V). The above arguments show that M'(uq) is surjective. Because 
no minimizes inf {^||Vn|| 2 | M(u) = (^,0)} we deduce from the Lagrange rule the existence 
of a = ((Ji, (J 2) £ K 2 such that for all <p £ E 



Vu X7(p = o\ J V{x)uQip + (72 / h(x)\u \ p u <p. (5.3) 
Testing ( |5.3| ) with n we get = Ai(M iV , V, /i). Define Irq(u) := r yT"]j 2 12 • Then no mini- 



/ V(x)\u\ 2 - 

mizes {Irq(u) | fV(x)\u\ 2 > 0, / /i(x)|n| p < 0}. Take a ip e E with / /i(x)|n | p ~ 2 n v? < 0. 
Then we get for all small positive t that J h(x)\uo+tip\ p < 0. The function no is a minimizer 
of /rq in direction of (p, this implies 

0<I i rq(u O )<P= [ VuoV<p-Xi(m N ,V,h) [ V(x)u p = a 2 [ h(x)\u \ p - 2 u p. 



Hence we see a 2 < 0, which implies 02 < 0, because otherwise we get 

-An = Xi{R N , V, h) V(x)u in R N , 

which is impossible as we have seen before. The claim follows for a := (—a 2 )p-^. □ 



1 



Corollary 5.2. Under the assumptions of Lemma 5.1 the equation (1.1)a admits an ordered 
pair of solutions uq < u\ for X = Ai(M Ar , V, h) such that 

I X 1 (R N ,V,h)(uo) < = h^RNy^Ul) = {I'l^N y ih) {ui)ui,Ul) . 

Proof. We let u\ be the solution given by Lemma pO. The second solution no exists due to 



Lemma 2.1. □ 
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Second solution 

We show that I\ admits a mountain-pass geometry. To this end we fix A > and suppose 
throughout the rest of the section that the assumptions of Theorem LI are satisfied, i.e. 
we suppose (|iT^)-( [L^) and 

Ai(R jV , V) < A < Ai(M Ar , V, h) (5.4) 

Moreover, we assume h~ ^ 0, which is a necessary condition for the existence of a second 
positive solution to (1.1)a (see Theorem |1 . 1|) . Because V G C(M N ) and h~(xo) ^ for some 
xo G M. N it is possible to choose a C£° (R^ ) -function ipo concentrated at xq such that 

Ai(R Af , V, h) j V{x)\^\ 2 < J \Vif \ 2 and J A (^ Q ) < 0. (5.5) 

We define a set of paths 

r := { 7 G C l ([0, 1],E) | 7 (0) = 0, 7 (1) = ^} . 

Lemma 5.3. 

c := inf sup J\(7(i)) > 
76r t6 [ 0i i] 

Proof. Set M+ := {u G E | Ai(R iV ', V, /i) / V(x)\u\ 2 < ||Vit||§} 7^ 0. First we observe 

HV.|II-A/y(»)M'>(l- Aigt „ A |V . fc) )|V.||I (5.6) 
With the help of ([O]) we derive for all u G M + 

/a(«) > Cl(A)||Vu||! - - f h-(x)\u\P > Ci(A)||V«||l + o(||V«||l)i|v„|| a ^o. 



P 

Thus there exists r > such that ||Vyo||2 > r > and 

I\{u) > ci > for all it G M + such that ||Vu|| 2 = r. (5.7) 

Suppose there is a ui G E 1 such that ||V«i||2 = Ai(R Ar , V, h) J V(x)\ui\ 2 . Then the defini- 
tion of Ai(R iV , V, h) and (|1| imply 



= o ( H v "ill2 - A / V»| Ul | 2 ) + - / /j^lmr 



>o (5.8) 



> \ (livu.lll - a / v(.) W ») > i (1 - j^rv) iv-l 

Let 7 be an arbitrary element of L. Let 

t :=max(tG [0,l]|||V( 7 (t))||2 =A 1 (R 7V ,y,/i) / y(x)| 7 (t)| ; 



Our choice of 930 yields that to is attained and < to < L If ||7(io)||_D 1 > 2 (iR JV ) — r i then (] 
shows 
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If IIt(*o) Hz? 1 -2(MAr) < r, then j(t) € M + for all t G [to, 1] and (|^) shows 

sup J A (7(t)) > ci > 0. 
te[o,i] 

Thus the claim follows. □ 



By Lemma 5.3 the functional I\ has a mountain pass geometry. Consequently using 
versions of the classical mountain pass theorem of Ambrosetti and Rabinowitz [|| given in 
H [jl]] there exits a (PS) C sequence (u n ) ng N> i-e. 

h(u n ) n ~ > °° > c and J^(n n )(l + ||« n ||B) "^°° > 0. 

Before we show that such (PS) C sequences give rise to critical points of I x , we observe 
that it is sufficient to consider special (PS) C sequences, consisting of almost nonnegative 
functions. 

Lemma 5.4. There exists a (PS) C sequence (n ra ) ng N C E, i.e. 

h(Un) > c> 0, I A (n n )(l + \\u n \\E) > m E , 

snc/i i/iat dist(u n , E + ) — > as n — > oo, where we denote by E + the cone of nonnegative 
functions in E. In the sequel we will call a sequence with these properties a (PS)* sequence. 



Proof. Lemma 5.3 shows 



c := inf sup Ia(t(*)) > 0. 
T er te[o,i] 



Hence there is a sequence of paths (7 n )neN such that 

lim maxl x (u) = c. 

Because I\(u) = I\(\u\) we may assume 7(-) = |7(-)|. A version of the classical mountain 



pass theorem in [18, Th. 13.10] shows that there is a (PS) C sequence (n n ) nS N such that 



\Un — Trails — > by using a deformation argument in the vicinity of almost minimizing 



paths, which carries over to the work of J|, 10]. Hence the claim follows. □ 



Lemma 5.5. Suppose (n n ) ng N C E is a (PS)* sequence. Then there exists a nonnegative 
no £ E, such that I\(uo) = c, I'x( u o) = and we may assume after going to a subsequence 
that (lin)raeN converges in E to uq. 

Proof. Let (n n ) ng N be a (PS) + sequence as stated above. We have 

-2c = lim (l' x (u n )u n -2I x (u n )) = lim V -^- [ h(x)\u n \ p . (5.9) 

n^oo n^oo p J 

Hence the definition of Ai(M Ar , V, h) yields 

1 , v.. \ I' 2 (, A \ , : ,12 



n—roo 



lim [ I x (u n ) - -I x (u n )u n 1 > [1 - ^py-y^j ) limsup ||Vn„|| 2 (5.10) 



n— »oo 



Consequently (n n ) ng ^ is bounded in D 1,2 (R N ) and by (jL3|) in L P (R N , h~). The estimate 
( pl3| ) now implies that (u n )rteN is bounded in L P (R N , h + ). Finally ( |1.4| ) and the boundedness 
of (I x (u n )) n£ N show that (n n ) ng pj is bounded in E. 

Because (u n ) ng N is bounded in E, we may choose a subsequence (still denoted by (u n ) n ^), 
which converges weakly to no in E and pointwise almost everywhere. Since (n n ) ng N is a 
(PS)* sequence we have ||n n — i> n ||.E — > for some nonnegative v n G E and v n — no as 
n — > oo. Thus no is nonnegative, for the cone of nonnegative functions is weakly closed. 
The sequence (n n ) ng pj converges weakly in E and pointwise almost everywhere to no € E. 
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Consequently, using for instance Vitali's convergence theorem [16], we have I'x( u o) = 0. 
Moreover 

(!) = {I'\( u n) ~ l'\(uo)) {Un ~ U ) 

= ||V(« n - ^o)||i + A / V~{x)\u n - u \ 2 - X V + {x)\u n - uq\ 2 



+ (n— do) by 



u o 1 ){u n -u )+ I h + (x)(\u n \ p 2 u n -ul l )(u n -uo) 



— J h (x)(\u n \ p 2 u 

-^0 (n-oo) by Q ^ 

°(!) + l|V(n n -n )||2 + A / y~(x)|u n -u | 2 + / h + (x) (\u n \ p ~ 2 u n -ul~ l )(u n -u ) 



>o 



(5.11) 



This implies u n -> u in Z) 1 ' 2 (M 7V ) n L 2 ^, By fl5.il] ) and the Brezis-Lieb lemma 
we obtain 



0= lim / /i + (x)(|u n | p 2 u n — u£ i )(u n — no) = lim ( / ft + (a;)uS — / 

n^oo I n— >oo V/ J 



XlUr 



' 



and the uniform convexity of L p implies n n — > uq in , h + ). Hence we finally see 

(u n )neN converges to mq in E. 



□ 



Proof of Theorem [1.4| . The assertion of Theorem L4 for A = Ai(R , V,h) is an imme 



diate consequence of Corollary p.2| . Note that any solution given by Lemma 2A satisfies 

(I%(u\)tp, tp) > for all ip G E. 

For Ai(IR Ar ,F) < A < Ai(M , V, h) Lemma ^5| yields the existence of v\. Moreover, any 
solution v\, such that I\(v\) > 0, satisfies due to the homogeneity of the nonlinearity 



(lZ(vx)v x ,v x ) <0. 
The claim now follows using again Lemma |2.1| , 



□ 



6. Existence for A = A* 

We show that (1.1) a is solvable for A = A* by approximating the desired solution with 
solutions for A < A*. To justify the passage to the limit we will need that A* < Ai(f2°, V), 
where = {x G R N | h(x) = 0}. 

If h is nonnegative, then A* equals \i(£l°,V). If h~ ^ then we have f2° $ £2~°, hence 
Ai(f2°, V) > Ai(f2 _0 , V) > A* by the strict monotonicity of the first eigenvalue with respect 
to the domain. This is a nice, but unfortunately wrong argument because need not to 
be a domain. A counterexample may easily be obtained by choosing a function h vanishing 
on a large ball B\ and changing sign only on a smaller second ball B2 disjoint from B\. In 
that case the eigenfunction corresponding to the first eigenvalue vanishes on the set where 
h attains negative values and Ai(O _0 ,V) equals Ai(f2°,V). The next lemma gives some 
sufficient conditions ensuring that A* < Ai(fi°, V), although we believe that A* < Ai(Q°, V) 
whenever h~ ^ 0. 
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Lemma 6.1. Under the assumptions of Theorem Lj , if moreover h ^ and either 

M. N \supp(h + ) is connected or (6-1) 

V > and < y n-(x)ei(ir°, U) p (6.2) 

for some principal eigenfunction ei(f2~°, V). Then A* < Ai(fi°, V). 

Proof. Under assumption (6.1) Harnack's inequality shows that any principal eigenfunction 
ei(fr°, V) is positive on {x € M w [ h(x) < 0}. Consequently Ai(fT°, V) < A(O , V). Prom 
Theorem [TJ we infer A* < Ai(O _0 , F). 

Under the hypothesis ( |6.2| ) we suppose contrary to the assertion of the lemma that there is 
a sequence (n n ,A n ) n eN in E x (Ai(M JV ,y),Ai(O ,F)) such that X n — > Ai(fi°, V) monotone 
increasing as n — > oo and n n is a solution of (1.1) a for A = A n . Lemma [Hq and Theorem 



LJ show A n < Ai(0 °,V). Hence Ai(Q °, V) = Ai(fi°, V). By Lemma we may assume 

{I'l n (u n )tp, V )>0 VcptE and I Xn (u n ) < 0. 

Because V is nonnegative, each n n is a super-solution of (1.1)a with A < A n and h replaced 
by h + . We may use Lemma and Theorem to derive for all n that u n > uq, where no 
is the unique positive solution of (1.1)a with A = A2 and h replaced by h + . Consequently 

0<liminf(/ A ' (n n )ei(ir°,U),ei(fr ,U)) = -(p- l)liminf / (x)\u n \ p - 2 ei{n~° ,V) 2 

n— >oo x n ' n^oo J 

<-(p-i) J h-(x)\uo\ p - 2 ei (n- ,v) 2 : 

contradicting fl6.2|) . □ 

Lemma 6.2. Suppose fr ^ and Xx(R N ,V) < X* < Ai(n ,F). T/ien (1.1) A 

is solvable for A = A*. 

Proof. Let (n n ,A ra ) n( =N be a sequence in Ex]Xi(R N , V), A*] such that A n — > A* as n — > 00 



and positive solution of (1.1)a for ^ = \i- By Lemma |2.1| we may assume 



J An K) < and (J^ (n n ) , n n ) > for all n G N. (6.3) 

Moreover, we have 

< (l'{ n {u n ),u n )-2I{u n ) <(p-2) J h(x)\u n \ p . (6.4) 

From (|6.3|) and (6.4) we deduce that (n n ) ng N is bounded in E if (J V(x)u 2 l ) is bounded 
above. To obtain a contradiction we suppose a 2 := J U(x)n^ — > 00 as n — > 00 and write 
n; n := u n /a n . Obviously (nj n ) ng ^ is bounded in E and we may assume (w n ) n< =n converges 
weakly to some wq 7^ in E. There holds for all (p 6 E 

= ^I'(u n )ip = J Vw n Vip - A J V(x)w n ip + a p n - 2 j , 

Hence wo(x) = for all x such that h(x) 7^ 0, because we have for all (p £ E 

h(x)wo{x) p ~ 1 ip = lim / h(x)w p l ~ 1 (p = 0. 



%K~y (6.5) 



n— >oo 



By and (0) we see || Vu/ ||i - A* / V{x)wl < 0, contradicting A* < Ai(0°, V). 
Consequently (n n ) ng ^ is a bounded (PS)f sequence for I\* and some c < 0. By Lemma 
and passing to a subsequence we may assume (u n ) ne ^ converges to some no in E. Because 
each u n is a super-solution of (1.1)a with A < A n and h replaced by h + , we see that u n > wq, 
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where wo denotes the unique positive solution of (1.1)a with A = A2 and h replaced by h + . 
Consequently uq = is impossible and the claim follows. □ 



Proof of Theorem [1.5| . Lemma |6.1| shows that the assumptions of Lemma 6.2 are satis 



tied. Hence (1.1)a admits a solution u\* for A = A*. Because V is nonnegative u\* is a 
super-solution to (1.1) a for every A < A*. Consequently Lemma |2j] yields the validity of 



(i). The assertion of (ii) immediately follows from Theorem 1.7 and the definition of A*. □ 
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